This paper extends the moment matching market implied calibration procedure [8] to Markov models with piecewise constant parameters between successive quoted option maturities. The Markov property allows us to determine the parameter set of each subprocess by a bootstrapping moment matching calibration. This sequential calibration arises naturally due to the additive property of cumulants of independent random variables and consists in solving M independent moment matching systems of N equations, where M and N denote the number of quoted maturities and the number of parameters, respectively. As shown in [8] , for popular Lévy processes, these systems can be transformed into M systems of algebraic equations which give directly the N model parameters of each subprocess in terms of the second to the (N +1)th standardized moments of the log asset return process between successive maturity times. For the numerical study, we work out the bootstrapping moment matching calibration under two popular Lévy models with piecewise constant parameters, namely the VG and Meixner models and compare its performance with existing calibration procedures for term structure models.
Introduction
The spanning option payoff formula of Breeden and Litzenberger ( [1] , [2] ) for twice-differentiable payoffs allows to derive a model independent formula for any moment of the log asset return distribution function for a time horizon T , which is expressed as a function of a continuum of vanilla option prices (see [8] ). In particular, we can infer an approximation for any moment in terms of liquid vanilla option prices with maturity time T . As long as the characteristic function of the log asset return is known in closed-form for the model under consideration, these formulas lead to an almost immediate market implied calibration, which consists in matching the market implied and the model moments for a time horizon T , chosen among the set of quoted maturities. In particular, it has been shown in [8] that, for popular Lévy models, the moment matching calibration problem reduces to a system of N equations which can be solved analytically and which gives thus directly the N optimal parameters in terms of the market implied standardized moments of order 2 to order (N + 1). Hence, the market implied moment matching procedure turns out to be appealing when calibrating exponential Lévy models on one single maturity curve. Indeed, since it only involves simple algebraic expressions, the moment calibration can be performed almost instantaneously and does not require starting values for the model parameters, avoiding thus the related problem of getting stuck in local minima.
Although suited to fit option quotes for one single maturity, it is well established that exponential Lévy models can lead to some discrepancy with the market reality once the whole set of maturities is considered. This empirical fact has been highlighted, among others, by Carr et al. [3] and by Guillaume [7] . Carr et al considered a set of 21 largely traded stocks for which they compared the goodness of fit of the option price surface under various exponential Lévy and Sato models. In particular, they showed that Lévy processes are suited to replicate option prices for one single maturity but for the whole set of quoted maturities, Sato models typically outperform Lévy models. Guillaume has shown that multivariate Sato models outperforms multivariate Lévy models regarding the marginal goodness of fit, especially during investor's fear periods. In particular, it is shown that Lévy models barely outperform the Black-Scholes model during the heart of the recent credit crisis. This implies that the moment term structure under exponential Lévy models might deviate significantly from the one observed in the market (see also [11] ). Indeed, under such models, the variance, the skewness and the excess of kurtosis scale as T , 1/ √ T and 1/T , respectively, whereas less parsimonious trends might be observed from option prices. Hence, although suited to calibrate exponential Lévy models on options with one single maturity, the market implied moment calibration procedure might lead to a significant discrepancy between the market implied and the model moments and, hence, to significant errors for a calibration on the whole set of maturities. Moreover, if the Lévy model does not allow for time dependent parameters, we then have to resort to some search algorithm to find the optimal parameter set since we then have to solve an overdeterminate system. The moment matching calibration then becomes an ill-posed problem and we are then faced with the related problem of choosing adequate starting values for the model parameters to avoid the problem of getting stuck in one bad local minimum of the objective function we minimize.
To better capture the term structure of the volatility smile, several alternative option pricing models have been proposed in the financial literature. Carr et al [3] and Guillaume [7] proposed the so-called Sato models, built upon self-decomposable distributions, which constitute a subclass of infinitely divisible distributions. Motivated by the evidence of time-dependent volatility, Kawai [10] proposed the so-called piecewise Lévy models, built in a similar fashion as the Lévy term structure models of Eberlein and Kluge [5] for interest rate derivatives, i.e. by allowing the parameters of the Lévy model to vary from one option maturity to the other.
In this paper, we propose a bootstrapping extension of the moment matching calibration to calibrate models with time-dependent parameters, focusing therefore on the second class of alternative models. More particularly, we assume that the log asset returns over the periods [T i−1 , T i ) are modeled by independent Lévy processes, where {T i , i = 1, . . . , M } denotes the set of quoted option maturities. Given the additive property of cumulants of independent random variables, we can calibrate such models by making use of a bootstrapping moment calibration procedure: we first determine successively the market implied moments of interest over the time periods [T i−1 , T i ) and then solve the corresponding ith moment matching calibration problem for i = 1, . . . , M . For the numerical study, we will consider term structure exponential Lévy models built upon two popular infinitely divisible distributions, namely the VG and Meixner distributions. This paper is organized as follows. Section 2 recalls the closed-form approximation of the moments of the log asset return derived in [8] . Section 3 details the term structure exponential Lévy models. In Section 4, we extend the moment matching calibration [8] by considering a bootstrapping methodology in order to calibrate models with time-dependent parameters. In Section 5, we work out the new bootstrapping moment matching calibration under popular term structure exponential Lévy models and compare its performance with other calibration procedures, namely the implied probability density method of Kawai [10] and the standard (bootstrapping) calibration on market quotes. Section 6 concludes.
Market implied moments: a closed-form formula
As shown in [8] , the spanning option payoff formula of Breeden and Litzenberger [2] allows us to derive a closed-form approximation for any moment of the log asset return X T = log
and
where T is the option maturity in years ;
r is the risk-free interest rate ;
F 0 is the current forward price: F 0 = F 0 (T ) = S 0 exp((r − q)T ). Note that for the numerical implementation, we will typically derive the forward price from the at the money option prices by making use of the put-call parity
where C(K, T ) and P (K, T ) denote the call and put price for an option with strike K and maturity T , respectively, and where we approximate the at the money strike by the listed strike at which the difference between the quoted call and put prices is minimal.
q is the dividend yield ;
K i is the strike price of the ith out of the money T -option 1 ;
Note that any moment of X T exists due to the martingale assumption for the stock price S T , which implies that the moment generating function of X T exists in the neighborhood of zero. Since φ X T (u) is available analytically for a wide range of models proposed in the financial literature, we can formulate a new calibration problem consisting in matching the standardized moment term structures of the log asset return instead of the market price of liquidly traded options as under the widespread inverse problem.
The term structure exponential Lévy models
Under the term structure exponential Lévy models, the stock price process follows an exponential Lévy model with piecewise constant parameters between successive quoted option maturities {T i , i = 1, . . . , M }:
where
. . , M are independent Lévy processes, T 0 ≡ 0 and
. . M are the convexity correction parameters making the model riskneutral. The independence of the Lévy subprocesses X (i) preserves the independence property of the increments of the log asset return and consequently the model tractability, whereas the time dependency of the model parameters allows for non-stationarity, enhancing the flexibility of the model. Recursively, we have
The Markov property leads to a direct computation of the characteristic function of the log price:
Bootstrapping market implied moment matching calibration
In this section, we propose a bootstrapping calibration methodology which consists in matching the market implied and model moments of the Lévy subprocesses 2 X (i)
. . , M . Since the market implied formulas (2.1) and (2.2) give an approximation of the moments of the log asset return X t for the periods [0, T i ], we first have to derive a similar approximation for the moments of the log asset return over the subperiods [T i−1 , T i ], i = 1, . . . , M . This can be done in a straightforward way by considering the cumulants as latent variables in the calibration. Indeed, given the additive property of the cumulants for independent random variables, we can compute recursively the cumulants of the process X (i) , i = 1, . . . , M . Indeed, we have:
We consider the subprocesses X (i) t instead of the cumulative process
for sake of tractability since the ultimate aim is to express the parameters of each subprocess, p i , as analytical expressions of market implied moments and not the other way around.
where κ 3 and κ 4 denote the third and fourth cumulants, respectively. We then infer the skewness and kurtosis of the process
The infinitely divisible distributions we will consider for the numerical study are fully described by three parameters that we calibrate by solving successively the moment systems
if these systems admit a solution which satisfies the domain conditions of the parameter set p i of the Lévy subprocess X (i) . We will now express the moment system (4.1) for popular term structure exponential Lévy models.
The VG term structure model
The characteristic function of the Variance Gamma distribution VG(σ, ν, θ) with parameters σ > 0, ν > 0 and θ ∈ R is given by:
The Variance Gamma process X = {X t , t ≥ 0} is a Lévy process such that X t follows a VG( √ tσ, ν t , θt) distribution. The VG distribution satisfies the following scaling property: if X ∼ VG(σ, ν, θ) then, for c > 0, cX ∼ VG(cσ, ν, cθ). The first four moments of the VG distribution are given in Table 1 . 3 It might happen that the market implied variance and/or the market implied 4th cumulant computed by making use of the approximations (2.1) and (2.2) are/is not an increasing function on the whole maturity range, due to the il-liquidity of some option maturities (see also [9] ). To tackle this problem, we adjust beforehand the market implied moment curves by interpolating linearly the maturity points which correspond to such "arbitrage opportunities".
Assuming that X 1 ∼ VG(σ, ν, θ), we have that
2 )
The system (4.1) admits a solution {σ i > 0, ν i > 0, θ i ∈ R} if and only if 6 + 3s
The solution is then given by (see [8] for computation details)
The NIG term structure model
The characteristic function of the Normal inverse Gaussian distribution NIG(α, β, δ) with parameters α > 0, β ∈] − α, α[ and δ > 0 is given by:
The Normal inverse Gaussian process X = {X t , t ≥ 0} is a Lévy process such that X t is NIG(α, β, δt) -distributed. The NIG distribution satisfies the following scaling property:
The first four moments of the NIG distribution are given in Table 2 . If the parameter β is equal to zero the distribution is symmetric around zero whereas negative and positive values of β result in negative and positive skewness, respectively (see Table  2 ). Assuming that X 1 ∼ NIG(α, β, δ), we have that
The system (4.1) admits a solution {α i > 0,
The solution is then given by
if the market implied skewness is equal to zero and to
otherwise.
The Meixner term structure model
The characteristic function of the Meixner distribution Meixner(α, β, δ) with parameters α > 0, β ∈] − π, π[ and δ > 0 is given by:
The Meixner process X = {X t , t ≥ 0} is a Lévy process such that X t follows a Meixner (α, β, δt) distribution. The Meixner distribution satisfies the following scaling property: if X ∼ Meixner(α, β, δ) then, for c > 0, cX ∼ Meixner(cα, β, δ). The first four moments of the Meixner distribution are given in Table 3 . A parameter β equal to zero indicates a symmetric distribu- Table 3 : Characteristics of the Meixner distribution: general case (left) and symmetric case (right).
tion around zero whereas negative and positive values of β lead to negative and positive skewness, respectively. Assuming that X 1 ∼ Meixner(α, β, δ), we have that
Modified moment calibration problem
If the system (4.1) admits no solution, i.e. if the market implied skewness and kurtosis of the Lévy subprocess do not satisfy the existence domain condition (4.3) or (4.6), we resort to solve the system (4.1) but where we adjust beforehand the market implied skewness s i and kurtosis k i as proposed in [8] , i.e.
Method 1
We replace (s i , k i ) by the closest couple (s 
Method 2
We replace (s i , k i ) by the closest couple (s
we match the market implied skewness and we adjust the kurtosis such that the adjusted couple skewness-kurtosis belongs to the existence domain. In the numerical example, we typically set equal to 0.1.
Since the existence domain of the NIG model is included in the existence domain of the VG (or Meixner) model, it is clear that the VG and Meixner models will outperform the NIG model when calibrated on the market implied moments since they can reproduce a wider range of couples skewness-kurtosis. This is why, in the numerical study, we will focus on these two popular Lévy models; inviting thus the reader to study the NIG example in a similar way.
Bootstrapping moment calibration exercise
The bootstrapping calibration procedure is implemented as follows:
1. determine the market implied moments of order 1 to order N + 1 = 4 from Equation (2.1) and Equation (2.2) and adjust, if necessary, the maturity points characterized by a change of concavity in the moment term structures to avoid artificial arbitrage opportunities due to illiquid quoted maturities ;
2. infer recursively the variance, skewness and kurtosis of the Lévy subprocesses 
Numerical study
For the numerical study, we compare the calibration performance of the bootstrapping moment matching calibration procedure, both in terms of the goodness of fit and the computation time, with the performance of other calibration procedures. In particular, we consider as alternatives the implied probability density method of Kawai [10] and the standard (bootstrapping) calibration on market quotes. For these two alternative calibrations, we consider the same set of liquid vanilla options as the one used to infer the market implied moment term structures for sake of coherence.
Standard (bootstrapping) calibration
The market standard calibration consists in solving the so-called inverse problem, i.e. in finding the model parameter set p which minimizes some distance f between the market price P k and the model priceP k of liquidly traded instruments which consist of liquid vanilla options in the equity market:
Most commonly, practitioners are minimizing the root mean square error:
where n is the number of benchmark instruments. The root mean square error is typically a nonconvex function of p and can thus have several local minima. Hence, the solution of the inverse least-square problem depends on the starting values of the optimization algorithm and on the sophistication of the numerical search performed. An optimization on the whole parameter space p = {p i , i = 1, . . . , M } at once is not to be considered for term structure models given the high dimension of the parameter space (equal to 3M for the term structure exponential Lévy models under consideration). Such global calibration will indeed inevitably lead to a huge number of local minima and hence to a huge impact of the starting values on the solution of the inverse problem. Nevertheless, a bootstrapping version of the inverse calibration problem arises naturally and can be seen as the standard calibration for term structure models. Indeed, it has been used by many authors to calibrate models with piecewise constant parameters (see, for instance, [6] , [10] or [12] ). Denoting by {P (i) k , k = 1, . . . , n i } the set of liquid option prices with maturity T i , we can find the optimal parameter set of each Lévy subprocess recursively:
The model prices P
k are computed by using the widely used Carr-Madan formula [4] :
and where α is a positive constant such that the αth moment of the stock price exists. The only dependence of the Carr-Madan formula on the model comes from the risk neutral characteristic function of the log-price process at maturity T i given by Equation (3.2).
Implied probability density calibration
The implied probability density calibration was proposed by Kawai [10] and consists in minimizing a certain distance g between the model and the market characteristic function:
, where φ andφ denote the market and model characteristic functions, respectively. As for the standard and moment matching calibrations, we consider the bootstrapping version of the implied probability density procedure where we successively minimize
One obvious drawback of the implied probability density calibration arises from the fact that we cannot derive the characteristic function from observable market quotes directly. Hence, we have to assume some prevailing model to infer an approximation of the market characteristic function. This implies that the error made at this first calibration stage will inevitably propagates through the calibration procedure since we actually minimize the distance between two model characteristic functions. As in [10] , we approximate the market characteristic function φ log(S T i ) (u) by the characteristic function of the corresponding constant parameter model, where the parameters are taken as those which minimize the RMSE (5.1) for
The model characteristic function is given bŷ
where we fix the parameters of the process log(S t ), t ∈ [0, T i−1 ] to the optimal parameters of the corresponding constant parameter model, i.e.φ log(S T i−1 ) (u) is set equal to the corresponding market characteristic function φ log(S T i−1 ) (u).
Results
For the numerical study, we calibrate the term structure VG and Meixner models using the three calibration procedures described above, and this for a time span ranging from October 2008 until October 2009, including therefore the recent credit crunch. Hence, we have a reference set of more than 250 quoting days for which we perform the three calibration exercises. This allows us to assess the performance of the different calibration methodologies for different levels of market fear and to draw general conclusions concerning the performance of each procedure.
Two particular quoting days
The optimal parameter set obtained by considering the different calibration procedures for two particular quoting days, one in the heart of the credit crunch (10th of October 2008) and the other after the crisis period (30th of October 2009), is shown on Table 4 and Table 5 for the VG and Meixner term structure models, respectively. Figure 1 and Figure 2 show the market implied standardized moments of the asset log-return as a function of the time horizon T i , as well as the corresponding model standardized moments for the optimal parameter set derived under each calibration procedure, under the VG and Meixner term structure models, respectively.
From the RMSE values, it is clear that the optimal parameter set of the modified moment calibration problem leads to a RMSE which is, globally speaking, higher when the adjustment consists in allocating the same weight to the fit of the skewness and kurtosis (i.e. for method 1). This fact was already highlighted in the case of exponential Lévy models with constant parameters (see [8] ). Furthermore, we observe that the bootstrapping moment matching calibration leads to a lower RMSE than the density calibration for almost all maturities, the improvement in the volatility curve fit being more significant under the VG term structure model, for low volatility regime periods (i.e. on the 30th of October 2009) and and for longer maturities.
As expected, the term structure Lévy models can always reproduce the market implied variance since the existence domain of the moment calibration system is independent of its value. On the other hand, the optimal parameter set under the standard and density calibrations can lead to a significant absolute difference between the market implied variance and the model variance of the log asset return of up to more than 0.19 and 0.3, and of up to more than 0.01 and 0.19, for the 10/10/08 and 30/10/09, respectively. We also observe that the term structure Lévy models are able to fit the observed skewness and kurtosis of the log asset return quite well for the different maturities, whatever the level of market fear (see Figure 1 and Figure 2 ). On the other hand, the two alternative calibration methodologies can lead to huge discrepancies between the model and market implied skewness and kurtosis, especially during distress periods. Indeed, on the 10th of October 2008, the absolute difference between the model and market implied skewness and kurtosis exceeded the striking levels of 11 and 465 for the standard calibration and of 2.5 and 30 for the density calibration (see also Figure 1 ). Moreover, we clearly see that the choice of the calibration methodology has a significant impact on the value of the optimal parameters, leading to calibration risk, which might in turns result in significantly different prices for exotic instruments. In particular, Table 5 illustrates the inability of the standard and density calibrations to match the market reality during the crisis period. Indeed, it is clear that the Meixner parameters are touching their boundaries (α i = 0 and β i = π) for more than half of the quoted maturities T i on the 10th of October 2008. This problem clearly does not arise under the bootstrapping moment calibration. 
One year sample period
We now investigate the performance of each calibration methodology on the basis of a series of more than 250 quoting days, which are characterized by different levels of market confidence. Table  6 summarizes the calibration performance results for the one year sample period ranging from October 2008 until October 2009. In particular, it shows the RMSE (5.1), the RMSE between the model and the market implied variance, skewness and kurtosis of the log asset return (i.e. of the cumulated process X) and the computation time, each quantity being averaged over the number of quoting days under consideration. Table 6 clearly indicates the supremacy of the bootstrapping moment matching calibration procedure consisting in matching uppermost the lower moments. Indeed, this procedure delivers almost immediately the optimal parameter set. In particular, it turns out to be more than 100 000 times faster than the standard calibration methodology. This gain of computation time is not to be compared with the gain resulting from the density calibration which does not even reach 2. This is easily explained by the fact that the density calibration still requires the use of two search algorithms, the first one to compute an approximation of the market characteristic functions and the second one (indicated in brackets in Table 6 ) to solve the calibration problem itself. Moreover, the option surface goodness of fit, although less good than the one of the inverse calibration problem, is on average better than the fit obtained by matching the characteristic function under the VG term structure model and, to a larger extent, to the fit obtained by matching (with equal weights) the moments of the Lévy subprocesses under both the VG and Meixner term structure models. Concerning the moment goodness of fit, the bootstrapping moment calibration always leads to a perfect fit of the variance since the existence domain of the Lévy moment systems turns out to be independent of the market implied variances whereas the standard and the density calibrations lead to substantial discrepancies with the variance observed in the market. Moreover, the skewness and kurtosis RMSEs are much smaller under the moment calibration than under the two alternative methodologies. Indeed, matching uppermost the lower moment allows for a perfect fit of the skewness and to a fit of the kurtosis which is on average, under the VG (Meixner) model, more than 6 (9) and 10 (9) times better than under the standard and density calibrations, respectively. These results indicate that the bootstrapping moment matching calibration where we match uppermost the lower moments constitutes an appealing alternative to the standard calibration for term structure models, either as it is or as a way to infer adequate starting values for the model parameters or a market implied prior in regularization problems. Figure 3 shows the goodness of fit of the log asset return kurtosis under the bootstrapping moment calibration where we match uppermost the lower moments. More particularly, it shows the relative kurtosis error averaged for each time horizon T i as a function of T i :
where j refers to as the quoting days for which vanilla options with maturity T i are liquidly traded. Before averaging the relative kurtosis error, we split the time period into two sub-periods: the first one ranging from October 2008 until March 2009 (referred to as the crisis period) and the second one from April 2009 until October 2009 (referred to as the after-crisis period). We clearly see that the lower the maturity T i , the better the fit of the market implied moments, whatever the subperiod. This result is in line with the fact that Lévy models are better suited to calibrate short-term options than long-term options. Moreover, the linear interpolation indicates that the term structure Lévy models are able to fit the market implied moments with higher precision during low (or reasonable) volatility level periods. Figure 4 shows the evolution of the RMSE through time for the different calibration methodologies whereas Figure 5 , Figure 6 and Figure 7 4 show the evolution of the log asset return variance, skewness and kurtosis RMSEs through time, respectively. These pictures clearly indicate the tradeoff between the matching of the market price of liquid options and the matching of the term structure of the market implied standardized moments. Indeed, during the credit crisis period, the bootstrapping moment calibration clearly outperforms the density and standard calibrations as regards the fit of the standardized moment term structures whereas the standard and density calibrations perform significantly better in terms of the matching of market prices. In particular, the two alternative methodologies lead to a really bad fit of the standardized moment term structures in the heart of the credit crisis period since a significant percentage of those days are either located in the left-upper corner of the picture or even not represented. A similar conclusion can be drawn for the standard calibration during the post-crisis subperiod. Nevertheless, if we focus on the period subsequent to the crisis only, we clearly see that the bootstrapping moment calibration outperforms the density calibration, both in terms of the option surface fit and in terms of the standardized moment term structure fit. These results, together with the negligible computation time of the moment calibration, lead us to advocate the use of the bootstrapping moment calibration, either as reference calibration or as a way to infer a prior model from current market data for the regularization of the ill-posed standard calibration problem.
Conclusion
This paper extends the moment matching market implied calibration to models with time-dependent parameters. The new bootstrapping moment calibration arises naturally given the additive property of any cumulant of independent random variables and allows us to determine sequentially the parameters of each subprocess driving the log-asset return between successive quoted option maturities by solving the so-called moment systems. In particular, for popular Lévy processes, these systems can easily be transformed by simple algebraic manipulations in order to obtain directly the optimal parameters in terms of the market implied moment term structures. The numerical study has highlighted the fact that the new calibration methodology leads to a much better fit of the moments than the standard and density calibrations and to a better fit of the option surface than the density calibration during the post-crisis period of 2009. The bootstrapping calibration methodology is thus appealing for practitioners since it can be performed almost instantaneously and can thus be used either as reference calibration or as a preliminary calibration aimed at delivering appropriate market implied starting values or prior model for the standard inverse problem. Figure 7 : Evolution of the kurtosis RMSE through time under the VG (above) and Meixner (below) term structure models.
